Abstract: Measurement of laser intensity inside a femtosecond laser filament is a challenging task. In this work, we suggest a simple way to characterize laser peak intensity inside the filament in air. It is based on the signal ratio measurement of two nitrogen fluorescence lines, namely, 391 nm and 337 nm. Because of distinct excitation mechanisms, the signals of the two fluorescence lines increase with the laser intensity at different orders of nonlinearity. An empirical formula has been deduced according to which laser peak intensity could be simply determined by the fluorescence ratio.
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Introduction
Femtosecond laser filamentation in air has attracted considerable interest not only because of the nonlinear optical processes involved, including self-focusing, photoionization, intensity clamping, self-phase modulation, self-steeping, space-time focusing, etc, but also due to its wide range of applications in remote-sensing, light frequency converting, laser-based weather control and so on [1] [2] [3] [4] [5] [6] [7] [8] . Nevertheless, during the study of filamentation there are some experimental difficulties in diagnosing the laser pulse. It is mainly due to the high laser intensity inside the filament core unsustainable by conventional measuring instruments. Particularly, it is not trivial to measure the laser intensity inside the filament. Kasparian et al. have semi-empirically estimated that the peak intensity reaches 4 × 10 13 W/cm 2 during filamentation in air for a laser pulse of 100 fs duration [9] . This prediction is in good agreement with the value of 4.5 × 10 13 W/cm 2 determined from the cut-off frequency of the high order harmonic spectrum generated by the filamentating pulse [10] . The laser intensity could also be inferred by calibrating the grey level of the burn spot left by single-shot pulse on burn paper [11] . However, the interpretation of laser intensity during filamentation still relies on numerical simulation to a large extent [1] [2] [3] [4] [5] [6] [7] .
In the present work, we introduce a simple method to measure the laser peak intensity during the filamentation in air. The central idea is to measure the laser intensity dependent ratio of the signal strength of two nitrogen fluorescence lines, namely, 337nm and 391 nm, which are assigned to the second positive band of ( ) 
Experiments and results
It has been revealed that the population of 
where k is a proportionality constant. Finally, we obtain the ratio R between the two fluorescence strengths given by the following. 
When the temporal and spatial laser intensity profile is taken into account, Eq. (3) will be transformed to:
where I 0 corresponds to the peak intensity of the pulse and ( , ) f r t represents the normalized intensity distribution in cylindrical coordinate. Because of beam cleaning [17, 18] , the spatial intensity distribution inside the filament core is the lowest fundamental mode. Thus, Eq. (4) is evaluated by assuming Gaussian shape in both time and space domains, yielding: 
which is essentially independent of the laser shape, neither temporally nor spatially. Equation (6) could be further revised as a simplified form:
Therefore, the laser peak intensity I 0 could be measured according to the line ratio R of 391nm and 337 nm once the constants α, β and m in Eq. (7) were determined. Our experimental approach of accomplishing this task is the following.
The experiment was carried out by using a commercial femtosecond laser system. The output laser pulses featuring a transform limited duration of 42 fs (FWHM) were focused in air by various lenses with different focal lengths, namely, 100 cm, 50 cm, 30 cm, 20 cm, 11 cm. For the sake of homogeneous attenuation of the input laser intensity across the beam pattern which is about 1 cm (1/e 2 ) in diameter, we did not use commercialized variable neutral density filter. On the other hand, the nonlinear length during the propagation inside fused silica is more than 10 cm according to our estimation. Since in our experiment the propagation distance is only a few millimeters inside the filters, the propagation inside the filters would not give rise to significant effect on the filamentation process in air. Whereas, during our experiment, the laser energy was varied by using different neutral density filters. Depending on the focal length and laser energy, plasma with different lengths and diameters could be produced in the experiment. It is necessary to point out when the input laser peak power is below the critical power for self-focusing (in air, it is about 10 GW for 42 fs pulse [19] ), the laser propagation is dominated by dispersion and diffraction. In this regime, laser intensity could be calculated as long as the pulse length and beam diameter were known. Therefore, the laser power in our experiment was limited to be below the critical power for self-focusing.
When only linear propagation is considered, pulse lengthening during propagation mainly occurs in the neutral density filters and lenses, which are all made of fused silica substrate in our experiment. The pulse duration variation induced by the dispersion in fused silica is then given by [20]: 
where τ, τ 0 , z, k 2 represent the pulse duration and the input pulse duration (both at FWHM), the propagation distance in fused silica and the corresponding group-velocity-dispersion (GVD) parameter, respectively. Note that 2 2 361fs cm k = in fused silica [21] . Furthermore, focal diameters were deduced from the plasma column diameter measurement in our experiment. Figure 1(a) demonstrates a typical picture of the plasma column imaged by a 20 X microscopic objective on a CCD camera installed perpendicularly to the propagation axis. In this case, the input energy was 0.21 mJ and a f = 30 cm lens was implemented. The plasma diameter at the focus (indicated by the dashed line) can be deduced from the signal cross-section, for example d plasma = 30.6µm (FWHM) as shown in Fig. 1(b) . Note that the broadening of the plasma column diameter associated with the limited resolution of the image system has been subtracted via the de-convolution method. The obtained plasma column diameters are plotted in Fig. 2 . It is noticed from Fig. 2 that the plasma column diameter does not keep constant in our experiment. It can be explained by plasma defocusing effect when the laser pulse approaches the focus [22, 23] . Note that Fig. 2 indeed depicts the averaged result of 10 plasma column diameter measurements. The error of the data in 
Since the plasma density increases with an effective power law of 7.5 as a function of the laser intensity in air [9, 24] , the laser diameter at focus is given by d 7.5 .
In this way, the laser diameters were estimated for all the lenses and laser energies used in this experiment. Thereby, the laser peak intensity is obtained according to:
Here, E indicates the input laser energy. It is worth mentioning again that the beam diameter measurement was carried out when the input laser energy was below the threshold of self-focusing, retaining linear propagation. Thus, laser peak intensities at the focus can be calculated with the known pulse durations and beam diameters in the experiments. Note that an imprecise value of n in Eq. (11) would introduce a systematic error into the derivation of laser diameter. Simultaneously to the diameter measurement, a narrow region of the focus (indicated by the dashed line in Fig. 1(a) ) was imaged onto the slit of a spectrometer. The nitrogen fluorescence spectrum was measured and the strength ratio R between 391nm line and 337 nm line was investigated. In the experiment, the transmission coefficients of the microscopic objective and the spectral response of the spectrometer were carefully taken into account. Three typical recorded nitrogen fluorescence spectra are illustrated in Fig. 1(c) . These spectra feature "continuum free" as reported previously [12] . Then R is plotted as a function of the input laser energy as shown in Fig. 3 . Intensity clamping phenomenon is clearly noticed in Fig. 3 . On the next setup, the horizontal axis of Fig. 3 is converted to the calculated laser peak intensity according to Eq. (12) . The outcome is displayed in Fig. 4 , for f=100 cm, 50 cm, 30 cm, 20 cm, 11 cm, respectively. The data depicted in Fig. 4 could be fitted by Eq. (7) through nonlinear least squares fitting algorithm [25] , The best fitting curve is indicated as the black solid line in Fig. 4 , which establishes an empirical relationship between the laser peak intensity I and the quantity of R: Fig. 4 . Signal ratio of R391nm/337nm of nitrogen fluorescence as a function of laser peak intensity for different focal length lenses, the fitting curve according to Eq. (7) is indicated as the black solid line. Red and blue dotted lines correspond to the upper and lower limit of the fitting, respectively.
Moreover, the fitting error of Eq. (7) is given by α = 2.6±0.18, β = 79±7.3 and m = −0.34 ±0.016. Thus, the upper limit and the lower limit of the fitting could be deduced by the combination of m =−0.324, α = 2.42, β = 86.3 and m =−0.356, α = 2.78, β = 71.7, respectively. The resulted fitting curves are indicated as the red and blue dotted lines in Fig. 4 .
In order to set an example of the application of Eq. (13), we have increased the laser energy exceeding the critical power for self-focusing and focused it by the same group of lenses. Thereby, the values of R were measured and the corresponding laser peak intensities were deduced from Eq. (13). The obtained intensities are shown in Fig. 5 as a function of the input laser energy. Figure 5 indicates that the peak intensity clamps at 4 × 10 13 W/cm 2 when f = 100 cm. The clamping intensity increases with decreasing focal length. Eventually, for the shortest focal length we have used (f = 11 cm), the clamping intensity is more than 1× 10 14 W/cm 2 . Finally, it is worth pointing out that our method is applicable when the following issues have been considered. First, the laser pulse has been assumed to be Gaussian spatially and temporally in order to deduce Eq. (7). However, it might not be fulfilled in experiment either because of the non-perfect laser output or artificial beam shaping, such as synthesizing Airy beam [26, 27] , focusing by axicon [28-30], or introducing astigmatism [31, 32] . Especially, due to the strong self-transformation during femtosecond laser filamentation, the laser pulse may not preserve Gaussian profile in time and space as what has been revealed in [33] . Hence, the peak intensity given by our technique is a good approximation with the advantage of significant simplification. In addition, fluorescence spectra used in our experiment all contain negligible contribution of continuum. However, considerable plasma continuum has been observed when high energy femtosecond laser is tightly focused in air [34, 35] . In this case, fluorescence spectrum could be practically isolated from the continuum background by the time-gating technique [34] . Besides, the straightforward nonlinear relationship between the laser intensity and plasma density as indicated by Eq. (1) may not hold anymore. Saturation of ionization associated with the neutral molecular depletion [36] and double ionization process might need to be taken into account [37] . By implementing the advanced experimental approach and more sophisticated theoretical model, our technique might be valuable in clarifying the recently raised controversy regarding the achieved laser intensity when focusing high energy laser pulse with tight focusing geometry [38-40].
Summary
In conclusion, we have established an empirical formula between the laser peak intensity and the strength ratio of two nitrogen fluorescence lines, namely 391 nm and 337 nm during femtosecond laser filamentation in air. This formula provides a simple method to measure the laser peak intensity inside a femtosecond laser filament in air up to 10 14 W/cm 2 . Within the applicable regime, the proposed method relies on no other further calibration except the fluorescence ratio measurement. By using the reported method, longitudinal laser intensity distribution during filamentation process could be obtained through scanning the fluorescence spectra along the propagation axis. Not only for the case of single filament, but also the intensity distribution of multiple filaments could be traced as long as spatially resolved measurement is realized. These experiments are indeed under way. Furthermore, the application of the similar technique could be potentially extended to in situ diagnostic/calibration of laser intensity in other strong field laser physics experiments, such as high-order harmonic generation and pump-probe experiments employing intense ultrafast laser pulses.
